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Definition. A subset S ⇢ R3
is a regular surface if, for each p 2 S there exists a

neighborhood V in R3
and a map x : U ! V \S of an open set U ⇢ R2

onto V \S ⇢ R3

such that

1. x is di↵erentiable, that is, if we write

x(u, v) = (x(u, v), y(u, v), z(u, v)), (u, v) 2 U,

the functions x(u, v), y(u, v), z(u, v) have continuous partial derivatives of all orders
in U .

2. x is a homeomorphism. Since x is continuous by condition 1, this means that x has

an inverse x�1
: V \ S ! U which is continuous.

3. (The regularity condition.) For each q 2 U , the di↵erential dxq : R2 ! R3
is

one-to-one.

Definition. Given a di↵erentiable map F : U ⇢ Rn ! Rm
defined on an open set U of

Rn
we say that p 2 U is a critical point of F if the di↵erential dFp : Rn ! Rm

is not a

surjective mapping (that is, it has a nontrivial kernel). The image F (p) 2 Rm
of a critical

point is called a critical value of F . A point of Rm
which is not a critical value is called

a regular value of F .

In the case of f : U ⇢ R3 ! R, to say that dfp is not surjective is equivalent to saying

that the partials fx = fy = fz = 0 at p. Hence, a 2 f(U) is a regular value if and only if

fx, fy, fz do not vanish simultaneously at any point in the inverse image.

Proposition 1. If f : U ⇢ R3 ! R is a di↵erentiable function and a 2 f(U) is a regular
value of f , then f�1

(a) is a regular surface in R3.

Proposition 2. Let p 2 S be a point of a regular surface S and let x : U ⇢ R2 ! R3 be
a map with p 2 x(U) ⇢ S such that x is di↵erentiable and for each q 2 U , the di↵erential
dxq : R2 ! R3 is one-to-one. Then if x is one-to-one, then x�1 is continuous.

Remarks. It is often easier to show that a set is regular surface by showing it is the

inverse image of a regular value by the first proposition above. The above proposition

then means that if we already know that S is a regular surface, and we have a candidate

x for a parameterization, then we do not need to check that x�1
is continuous, as long as

the other conditions hold.
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Announcement : HWI due tomorrow (20/96pm) on Gradescope
HW Hints :

1
.

3 : How to use Taybrs Theremi
WLOG it sufices to show y has

positive urvature ats
= =&

use Taylor : The to expand near
-(b) · N(s) = y(0) + Syf(x) + 22y"() + 0(3)
Use contradiction:

1 .4 blc: T= y = b'N + b(kT + B) + c'b + c([N)
Equate crefficients-
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1. (From exercise 2-2.7 of [Car16]) Let f(x, y, z) = (x+ y + z � 1)
2
.

(a) Locate the critical points and critical values of f .

(b) For what values of c are the sets f(x, y, z) = c a regular surface?

a) Ex = fy= fz = 2(x+y+z- 1) , So Df =0 < z= -x-y
So the set of critical points of fis grew by

& (x ,y,z) : z= 1- x
- y3 -

The set of critical values

9 (x + y ,z) : f(x , y .
1 x-y)3

= G(x, y ,z) : (xyay -xxy/73 = 303
.

b) As long as C +0 , CER us a regular value of facl
the level sets f"(c) are regular surfaces
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2. Show that the torus T , generated by rotating a circle of radius r about an axis at

fixed distance a > r is a regular surface by showing it is the inverse image of a

regular value of a suitably chosen di↵erentiable function f : R3 ! R.

Parameterize Torns as surfaceof revolution
X(niv) = ((a+ rosu) cosu , rsuiv , (a+rcsu) sinv)
Need to show X is a parameterization and mess 7.

if :
lot C be acrele of radiu r .

WLOG we take (to be in
Z Cte ye-plane. Then C is quien by ↑ YCy-ak +z

=
= r2 S Y

Rotating about the z-axis guies that Torns Tsatisfies
z + (y-a) = r2
-

f(x,y,z)

flxyiz) = z + (2-a)? Then T= &"Cr2)
.

f = 2 -a) fityr-a) fz =2z ,y y S

so f differentiable except at Exry) = 10,0)·
If vanishes only when
N=0

2) z= S , = a

But air
,

so more ofthese ports are nif"(it.
In fact, let 8 0 ,25),



f(0, asit ,abst) = 0 + (Note -al =f Fo
So 12 is ce regular value off => Tisae regular surface .
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3. (Exercise 2-2.4 of [Car16]) Show that for f(x, y, z) = z2, 0 is not a regular value of

f , but f�1
(0) is a regular surface.

R : Clearly -"It is the xy-plane
-> regular surface.

g(x ,y+z) =Z would with better

where fx = 0 , fy=0 , fz= Zz -

So If vanishes whenz=0 , so (x , y , 6) is a critical
put of f.

also f(xy, 3) =0 ,
so O is a critical value off-
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4. (From exercise 2-2.11 of [Car16]) Show that the set S = {(x, y, z) : z = x2 � y2} is

a regular surface and check that the following is a parameterization for S:

x(u, v) = (u+ v, u� v, 4uv), (u, v) 2 R2

Pf : First show S is aregular surface,
S= f" (0) where f(xyiz) = z-X

*

+y and
o is a regular value off.
Check this :

Condition 8: X(n ,v) S : (th- (n-r =Par

Condition ( : X) = (n+, n-v , 4ur)
↑ jua
differentiable

Condition 3 : Compute dyg for geS :

Jdrg=
we -i) = -2 = 0
so day is one-to-one


